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ABSTRACT
We present a fully nonlinear and exact perturbation formulation of Einstein’s gravity with a general
fluid and the ideal magnetohydrodynamics (MHD) without imposing the slicing (temporal gauge)
condition. Using this formulation, we derive equations of special relativistic (SR) MHD in the presence
of weak gravitation. The equations are consistently derived in the limit of weak gravity and action-
at-a-distance in the maximal slicing. We show that in this approximation the relativistic nature of
gravity does not affect the SR MHD dynamics, but SR effects manifest themselves in the metric,
and thus gravitational lensing. Neglecting these SR effects may lead to an overestimation of lensing
masses.
1. INTRODUCTION
Magnetic fields are ubiquitous in celestial objects and
in the universe as a whole. Magnetohydrodynamics
(MHD) is often a useful approximation for treating fluid
and gas coupled to the electromagnetic field. Relativistic
processes play a crucial role in many astrophysical phe-
nomena. Relativistic MHD is required to understand the
physical processes in accretion disks, magnetospheres,
the plasma winds and astrophysical jets near compact
objects (e.g., neutron stars and black holes), and active
galactic nuclei where the relativistic effects (of gravity,
the gas velocity, the field strength, etc.) are significant.
In none of these situation can the astrophysical processes
be treated ignoring gravity.
Special relativistic (SR) MHD with non-relativistic
gravity has been studied in the literature as well as fully
generally relativistic (GR) MHD, which is implemented
in numerical relativity simulations. (For textbook treat-
ments, see Bona et al. 2009; Baumgarte & Shapiro 2010;
Gourgoulhon 2012; Shibata 2016). Full blown simula-
tions using numerical relativity are ultimately the most
reliable technique, but are computationally complicated,
time consuming, and expensive. Moreover, the results
depend on the gauge choice, gauge (i.e., coordinate con-
dition), often making it difficult to extract the proper
physical interpretation.
Here we present two formulations of GR MHD. The
first is the exact and fully nonlinear GR MHD pertur-
bation equations without imposing a particular slicing,
or temporal gauge condition. This is an extension of
fully nonlinear and exact perturbation formulation in
the cosmology context (Hwang & Noh 2013; Noh 2014,
Hwang, Noh & Park 2016) now including ideal MHD in
Minkowski background. The other formulation is the SR
MHD with weak gravitation as a consistent limit of the
fully nonlinear and exact GR-MHD formulation [for hy-
drodynamic case, see Hwang & Noh (2016)].
The equations of SR MHD with weak gravity and the
fully nonlinear and exact perturbation of GR MHD are
summarized in Sec. 2 and in the Appendix, respectively.
The equations are derived in Secs. 5 and 4, respectively.
In our approximation the relativistic nature of gravity
does not affect the SR MHD dynamics, see Sec. 2.2, but
SR effects appear in the metric, thus affecting gravita-
tional lensing, see Sec. 2.3.
2. SPECIAL RELATIVISTIC MHD WITH GRAVITATION
Our metric convention is
ds2 = − (1 + 2α) c2dt2 − 2χicdtdxi
+(1 + 2ϕ) δijdx
idxj . (1)
The index of χi is raised and lowered using δij as the met-
ric. Our spatial gauge conditions together with neglecting
the (transverse-traceless) gravitational wave mode allow
us to write the spatial part of the metric as above (Hwang
& Noh 2013). As we have not assumed any condition on
α, ϕ and χi, our formulation is valid to fully nonlinear
order and exact. An extension to include the transverse,
traceless mode without imposing the spatial gauge con-
ditions is presented in Gong et al. (2017).
Keeping the χi term is important to achieve a consis-
tent derivation of our result in the weak gravity limit. We
take the maximal slicing condition by setting the trace
of the extrinsic curvature to be zero; in our notation
κ ≡ 0 where κ is defined in Eq. (78); κ is the same as
the expansion scalar in the normal frame with a minus
sign, thus often termed as the uniform-expansion gauge
in cosmology.
We assume the following weak gravity and action-at-
a-distance conditions1
α ≡ Φ
c2
≪ 1, ϕ ≡ −Ψ
c2
≪ 1, γ2 t
2
ℓ
t2g
≪ 1, (2)
where tg ∼ 1/
√
G̺ and tℓ ∼ ℓ/c ∼ 2π/(kc) are gravita-
tional timescale and the light propagation timescale of a
characteristic length scale ℓ, respectively; k is the wave
number with ∆ = −k2.
1 We reverse the signs of Φ and Ψ relative to the convention in
Hwang & Noh (2016).
2 NOH, HWANG & BUCHER
2.1. Results
The equations of motion of SR MHD in the presence
of weak gravity are
∂
∂t
 DEmi
Bi
+∇j
 Dv
j
mjc2
mij
vjBi − viBj

=

0
−̺ (2Φ−Ψ),i vi
−̺Φ,i
0
 , (3)
and
Bi ,i = 0. (4)
These are the mass, energy, and momentum conservation
equations, and the two Maxwell equations, respectively.
The notation is as follows:
D ≡ ̺γ, ̺ ≡ ̺
(
1 +
Π
c2
)
,
E/c2 ≡
(
̺+
p
c2
)
γ2 − p
c2
+
1
c4
Πijv
ivj
+
1
8π
1
c2
[
B2
(
1 +
v2
c2
)
− 1
c2
(
Bivi
)2]
,
mi ≡
(
̺+
p
c2
)
γ2vi
+
1
c2
[
Πijv
j +
1
4π
(
B2vi −BiBjvj
)]
,
mij ≡
(
̺+
p
c2
)
γ2vivj + pδij +Πij
+
1
4π
{
1
γ2
(
1
2
B2δij −BiBj
)
+
1
c2
[
B2vivj
+
1
2
(
Bkvk
)2
δij − (Bjvi +Bivj)Bkvk]}. (5)
̺ denotes the density, ̺ the mass density, ̺Π the internal
energy, p the pressure, Πij the anisotropic stress, v
i the
velocity, γ the Lorentz factor
γ =
1√
1− v2c2
, (6)
and Bi the magnetic field. For a more general form of γ
with strong gravity, see Eq. (54). We have
Πii = Πij
vivj
c2
. (7)
Contributions from gravity appear in the right-hand side
of Eq. (3). All spatial indices in this section are raised
and lowered using δij as the metric. Following the no-
tation typically used in the ADM formulation of GR,
we define E as the ADM energy density, Ji = cmi the
ADM flux vector, Sij = mij the ADM stress where
S ≡ Sii = mii is its isotropic part. Indices of the ADM
fluid variables are raised and lowered by the ADM met-
ric hij and this is the same as δij in our approximation.
Using
E = −1
c
v ×B (8)
in the ideal MHD approximation, the electromagnetic
(EM) parts of above quantities can be written as
EMHD = SMHD = 1
8π
(
E2 +B2
)
,
miMHD =
1
4πc
(E×B)i ,
mijMHD =
1
4π
[
−EiEj − BiBj + 1
2
(
E2 +B2
)
δij
]
.(9)
The left-hand side of Eq. (3) is exactly the same as
for SR MHD (Mignone et al. 2007) with an anisotropic
stress, and the right-hand side is the source term due to
gravity. The two gravitational potentials in the metric
satisfy the two Poisson-like equations
∆Φ = 4πG
(
̺+
3p
c2
+
2
c2
S
)
= 4πG
E + S
c2
, (10)
∆Ψ = 4πG
(
̺+
1
c2
S
)
= 4πG
E
c2
, (11)
with
S ≡
(
̺+
p
c2
)
γ2v2 +Πij
vivj
c2
+
1
8π
[
B2 +
1
c2
(v ×B)2
]
, (12)
E = ̺c2 + S, S = 3p+ S. (13)
The metric component χi is determined by
χi = −4πG
c3
∆−1
(
4δji −∆−1∇i∇j
)
mj . (14)
Equations (10) and (11) show that the weak gravity con-
ditions imply the action-at-a-distance condition in Eq.
(2).
Equations (3)-(14) constitute a complete set. The pres-
sure and anisotropic stress should be specified by equa-
tions of state, and we do not consider additional presence
of heat flux. All the above equations are consistently de-
rived in Sec. 5 from a fully GR MHD formulation derived
and presented in Sec. 4 and in the Appendix, respectively.
2.2. Role of relativistic gravity on dynamics
In the derivation of the first three conservation equa-
tions in Eq. (3), we have strictly imposed the conditions
in Eq. (2). All terms in Eqs. (5), (10), (11), and (14) are
of the same order as in the fully SR situation with
1 ∼ ̺
̺
∼ Π
c2
∼ v
2
c2
∼ p
̺c2
∼ Πij
̺c2
∼ B
2
̺c2
. (15)
Applying the weak gravity condition, we find that Pois-
son’s equation simply becomes
∆Φ = 4πG̺, (16)
with Ψ = Φ. Thus the gravity part in Eq. (3) becomes 0−̺Φ,ivi−̺Φ,i
0
 . (17)
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Therefore, in the framework of our approximation, the
relativistic nature of gravity does not alter the dynamics
of fluid and fields.
For a static equilibrium situation, we have vi = 0, and
the momentum conservation equation gives
∇j
[(
p+
1
8π
B2
)
δij +Πij − 1
4π
BiBj
]
= −̺Φ,i.(18)
For the gravitational potential in the above equation, we
have ∆Φ = 4πG̺. However, for the metric we have
∆Φ = 4πG
(
̺+
3p
c2
+
1
4π
B2
)
, (19)
∆Ψ = 4πG
(
̺+
1
8π
B2
)
, (20)
and χi = 0. The metric is curved by the pressure and
magnetic field contributions as well as the mass density,
and these extra contributions alter the gravitational lens-
ing predictions.
2.3. Impact of special relativity on gravitational lensing
Equations (10)-(14) determine the spacetime metric
calculated assuming weak gravity and taking into ac-
count SR effects, which are included in our approxima-
tion. Although χi is non-vanishing in the maximal slic-
ing, we can show that in the weak gravity approximation,
the null geodesic equation simply becomes
d2xi
dt2
= − (Φ + Ψ),i , (21)
and thus is the same as in the zero-shear gauge, taking
χ ≡ 0 as the slicing condition. The null geodesic equation
to 1PN order can be found in Sec. 5 of Hwang et al (2008)
using a notation following Noh & Hwang (2013).
We note that the special relativistic effects of veloc-
ity, internal energy, pressure, anisotropic stress, and the
magnetic field cause the two potentials Φ and Ψ to differ
from each other. This might cause the gravitational lens-
ing to differ from the conventional result, which assumes
Ψ = Φ. In addition to this asymmetric effect (often
known as a gravitational slip of the potentials), in the
presence of this SR effect, instead of ∆(Φ +Ψ) = 8πG̺,
we have
∆ (Φ + Ψ) = 4πG
{
2̺
(
1 +
Π
c2
)
+
3
c2
[
p+
(
̺+
p
c2
)
γ2v2 +Πij
vivj
c2
+
1
8π
(
B2 +
1
c2
(v ×B)2
)]}
. (22)
The gravitational potential 2Φ in the commonly used
gravitational lensing formulae in Einstein’s gravity
should be replaced with Φ + Ψ. For positive pressure
and anisotropic stress, all the SR terms leads to an over-
estimation of the mass. In a homogeneous background
medium (as in Friedmann cosmology) with linear pertur-
bations, only the density and pressure terms contribute
to the lensing. The other terms are nonlinear perturba-
tions.
For a negative pressure with an equation of state ap-
proximating dark energy with pDE ≃ −̺DEc2, we have
∆(Φ + Ψ) ≃ −4πG̺DE. If this component is clustered,
de-lensing by dispersing the light may result. In the
presence of ordinary matter and a dark energy compo-
nent, we have ∆(Φ + Ψ) ≃ 4πG(2̺matter − ̺DE) where
̺DE ≃ Λc2/(8πG) and Λ is the cosmological constant.
The presence of pressure term in the relativistic Pois-
son’s equation in (10) has often been noted on several oc-
casions in the literature (Tolman 1930; Whittaker 1935;
McCrea 1951; Harrison 1965). The pressure term, how-
ever, vanishes in the zero-shear gauge, and this contra-
dicts with the well known Tolman-Oppenheimer-Volkoff
equation for a spherically symmetric static solution (Tol-
man 1939; Oppenheimer & Volkoff 1939). In Hwang
& Noh (2016) we argued that when relativistic pressure
is present, the zero-shear gauge is not a suitable gauge
choice because it leads to an inconsistent result.
2.4. Non-relativistic MHD limit
As the non-relativistic limit, we take c → ∞. To get
the energy conservation equation properly, we need to
consider next order in c−2; this is because our E contains
the rest mass energy density which satisfies the continu-
ity equation separately. In other words, in the c → ∞
limit, (E −Dc2)· +∇j(mj −Dvj)c2 = −̺Φ,ivi gives(
1
2
̺v2 + ̺Π+
1
8π
B2
)·
+∇i
{(
1
2
̺v2 + ̺Π+ p
)
vi
+Πijv
j − 1
4π
[(v ×B)×B]i
}
= −̺v · ∇Φ. (23)
The complete set of equations is
˙̺ +∇ · (̺v) = 0, (24)
Π˙ + v · ∇Π+ 1
̺
(
p∇ · v + vi,jΠij
)
= 0, (25)
̺ (v˙ + v · ∇v) = −̺∇Φ−∇p−∇jΠij
+
1
4π
(∇×B)×B, (26)
B˙ = ∇× (v ×B) , ∇ ·B = 0, (27)
∆Φ = 4πG̺, (28)
and we have
E = −1
c
v ×B. (29)
Combining Eqs. (24) and (26) we have
(
̺vi
)·
+∇j
[
̺vivj +
(
p+
1
8π
B2
)
δij +Πij − 1
4π
BiBj
]
= −̺Φ,i, (30)
where the contributions of magnetic field are interpreted
as magnetic pressure and magnetic tension force den-
sities, respectively. These differ from the contribution
to the pressure and anisotropic stress appearing in the
energy-momentum tensor; in the non-relativistic limit,
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Eq. (60) implies that
µMHD = 3pMHD =
1
8π
B2,
ΠMHDij = −
1
4π
(
BiBj − 1
3
δijB
2
)
. (31)
By replacing µ → µ + µMHD, etc., in the hydrodynamic
equations, we can derive the MHD equations.
The above equations can be combined to give
∂
∂t

̺
E
̺vi
Bi
+∇j
 ̺v
j
mjc2
mij
vjBi − viBj
 =
 0−̺Φ,ivi−̺Φ,i
0
 ,(32)
with
E ≡ E −Dc2 = 1
2
̺v2 + ̺Π+
B2
8π
,
mic2 ≡ (mi −Dvi) c2 = (1
2
̺v2 + ̺Π+ p
)
vi
+Πijv
j − 1
4π
[(v ×B)×B]i ,
mij = ̺vivj +
(
p+
B2
8π
)
δij +Πij − B
iBj
4π
. (33)
In the spacetime metric, we have Ψ = Φ, and Eq. (14)
gives χi = 0. Although Ψ does not affect the non-
relativistic hydrodynamic or MHD equations directly,
the Newtonian gravity Φ naturally excites the post-
Newtonian potential Ψ (Chandrasekhar 1965).
3. GENERAL RELATIVISTIC ELECTROMAGNETISM
The complete set of fully nonlinear and exact pertur-
bation equations with a general fluid component is pre-
sented in the Appendix of Hwang & Noh (2016). The
presence of EM field can be accommodated in the for-
mulation by interpreting the contribution of the EM as
fluid quantities with the Maxwell’s equations appended.
The energy-momentum tensor of EM field is
T˜EMab =
1
4π
(
F˜acF˜
c
b −
1
4
g˜abF˜cdF˜
cd
)
. (34)
The tildes indicate covariant quantities. The EM tensor
can be decomposed as
F˜ab ≡ U˜aE˜b − U˜bE˜a − η˜abcdU˜ cB˜d, (35)
with E˜aU˜
a ≡ 0 ≡ B˜aU˜a; U˜a is a generic timelike four-
vector normalized so that U˜ cU˜c ≡ −1. With
∗F˜ ab ≡ 1
2
η˜abcdF˜cd = U˜
aB˜b − U˜ bB˜a + η˜abcdU˜cE˜d,(36)
we have
E˜a = F˜abU˜
b, B˜a =
∗F˜abU˜
b. (37)
Equation (34) can be written as
T˜EMab =
1
4π
[ (
E˜2 + B˜2
)(
U˜aU˜b +
1
2
g˜ab
)
− E˜aE˜b
−B˜aB˜b +
(
U˜aη˜bcde + U˜bη˜acde
)
E˜cB˜dU˜e
]
, (38)
and the fluid quantities in the U˜a frame become
µ˜EM = 3p˜EM =
1
8π
(
E˜2 + B˜2
)
,
q˜EMa =
1
4π
η˜abcdE˜
bB˜cU˜d,
π˜EMab = −
1
4π
[
E˜aE˜b + B˜aB˜b − 1
3
h˜ab
(
E˜2 + B˜2
)]
,(39)
with the fluid quantities in the U˜a-frame introduced as
T˜ab = µ˜U˜aU˜b + p˜
(
g˜ab + U˜aU˜b
)
+ q˜aU˜b + q˜bU˜a + π˜ab.
(40)
As we have non-vanishing q˜a for EM field, in order to
have the nonlinear and exact perturbation formulation,
we need to consider q˜a terms which are missing in our
previous formulation. In the ideal MHD considered in
this work, the flux term vanishes for MHD, see Eq. (50).
From
∗F˜ ab;b = 0, F˜
ab
;b =
4π
c
J˜ach, (41)
we have the four Maxwell’s equations (Ellis 1973)
B˜a;bh˜
b
a = 2ω˜
aE˜a, (42)
h˜ab B˜
b
;cU˜
c =
(
η˜abcdU˜
dω˜c + σ˜ab −
2
3
δab θ˜
)
B˜b
+η˜abcdU˜d
(
−a˜bE˜c + E˜b;c
)
, (43)
E˜a;bh˜
b
a = 4π ˜̺ch − 2ω˜aB˜a, (44)
h˜ab E˜
b
;cU˜
c =
(
η˜abcdU˜
dω˜c + σ˜ab −
2
3
δab θ˜
)
E˜b
+η˜abcdU˜d
(
a˜bB˜c − B˜b;c
)
− 4π
c
j˜a, (45)
with h˜ab ≡ g˜ab + U˜aU˜b the projection tensor. We have
decomposed the four-current as
J˜ach ≡ ˜̺chcU˜a + j˜a, j˜aU˜a ≡ 0, (46)
where the first and the second terms on the right-hand
side are the convection and conduction currents, respec-
tively. The covariant kinematic quantities ω˜a, σ˜ab, θ˜
and a˜a are the vorticity vector, shear tensor, expansion
scalar, and acceleration vector, respectively, based on the
generic four-vector U˜a (Ellis 1971, 1973).
For the fluid (comoving) frame four-vector we have
U˜a = u˜a. For the laboratory (normal) frame, we have
U˜a = n˜a. In the following, we set b˜a ≡ B˜(u)a , B˜a ≡ B˜(n)a ,
and similarly for the electric field.
4. GENERAL RELATIVISTIC IDEAL MHD: DERIVATION
The Ohm’s law relates the conduction current in Eq.
(46) to the electric field in the comoving frame as (Jack-
son 1975)
j˜a = σE˜
(u)
a , (47)
with σ the electric conductivity. Ideal MHD results from
taking perfectly conducting limit (with σ →∞), so that
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E˜
(u)
a = 0, with non-vanishing j˜a. In the following we
consider ideal MHD.
The ideal MHD equations may also be derived in the
following invariant (or coordinate-free) form:
LU¯F˜ = 0, (48)
which physically expresses the fact that the magnetic
field lines are frozen into the fluid and thus go with the
flow. Here F˜ is the Maxwell electromagnetic tensor re-
garded as a 2-form, U¯ is the fluid 4-vector considered as
a vector field (and not as a covector field) as is some-
times denoted by U#, and L denotes the Lie derivative.
Interestingly, the evolution equation [Eq. (48)] thus ex-
pressed does not involve the Riemannian (metric) struc-
ture of the manifold. We derive Eq. (48) as follows. The
ideal MHD assumption of infinite conductivity implies
that in the fluid rest frame E vanishes, or equivalently
F˜ contracted with U¯ vanishes, which can be written as
iU¯F˜ = 0. Here i denotes the interior product. The van-
ishing of the divergence of B and the Faraday induction
equation are expressed as d˜F˜ = 0 where d˜ is the ex-
terior derivative. Eq. (48) follows by applying Cartan’s
magic formula (Abraham et al., 1988) expressing the Lie
derivative acting on a differential form α˜ in the following
way: LX¯α˜ = (iX¯ ◦ d˜)α˜+ (d˜ ◦ iX¯)α˜.
The effect of the frozen in flux is to make the fluid be-
have much like an anisotropic solid given that the flux
lines cannot move relative to the fluid. For our pur-
poses the most important consequence is the possibility
of anisotropic stresses, which cannot occur for an unmag-
netized perfect fluid.
For ideal MHD Eqs. (38) and (39) become
T˜MHDab =
1
4π
[
b˜2
(
u˜au˜b +
1
2
g˜ab
)
− b˜ab˜b
]
, (49)
µ˜MHD = 3p˜MHD =
1
8π
b˜2, q˜MHDa = 0,
π˜MHDab = −
1
4π
[
b˜ab˜b − 1
3
b˜2 (g˜ab + u˜au˜b)
]
. (50)
Now we should express b˜a in terms of the magnetic
field in the laboratory frame.
In order to express the fluid quantities in terms of the
metric notation in Eq. (1), the following quantities are
useful. The exact inverse metric is (Hwang & Noh 2013)
g˜00 = − 1N 2 , g˜
0i = − χ
i
N 2(1 + 2ϕ) ,
g˜ij =
1
1 + 2ϕ
(
δij − χ
iχj
N 2(1 + 2ϕ)
)
, (51)
with the index 0 indicating ct; N is the lapse function
N =
√
1 + 2α+
χkχk
1 + 2ϕ
. (52)
The fluid four-vector becomes
u˜i ≡ γ vi
c
, u˜0 = −γ
(
N + χ
i
1 + 2ϕ
vi
c
)
,
u˜i =
γ
1 + 2ϕ
(
vi
c
+
χi
N
)
, u˜0 =
1
N γ, (53)
with the Lorentz factor
γ ≡ 1√
1− 11+2ϕ v
2
c2
. (54)
The normal four-vector is
n˜i ≡ 0, n˜0 = −N , n˜i = χ
i
N (1 + 2ϕ) , n˜
0 =
1
N .
(55)
For the field in the laboratory frame, using B˜an˜
a = 0,
we have
B˜i ≡ Bi, B˜0 = − χiB
i
1 + 2ϕ
, B˜i =
Bi
1 + 2ϕ
, B˜0 = 0,
(56)
and similarly for the electric field E˜a and the current
density j˜a. The index of Bi is raised and lowered using
δij as the metric.
Using 0 = E˜a(u) = F˜
abu˜b, and expressing F˜
ab in Eq.
(35) in the laboratory frame, we can show
Ei =
−1√
1 + 2ϕ
ηijk
vj
c
Bk =
−1√
1 + 2ϕ
1
c
(v ×B)i .(57)
It is useful to have
ηijk = − η˜0ijkN (1 + 2ϕ)3/2 , η
ijk = N (1 + 2ϕ)3/2η˜0ijk ,
(58)
where indices of ηijk are raised and lowered using δij as
the metric.
Using b˜a =
∗F˜abu˜
b and expressing ∗F˜ab in Eq. (36) in
the laboratory frame, we have
b˜i =
1
γ
Bi +
γ
1 + 2ϕ
vi
c
Bj
vj
c
,
b˜0 = − 1
1 + 2ϕ
(
NγBi vi
c
+
χi
γ
Bi +
γχi
1 + 2ϕ
vi
c
Bj
vj
c
)
,
b˜i =
1
1 + 2ϕ
[
1
γ
Bi +
γ
1 + 2ϕ
(
vi
c
+
1
N χ
i
)
Bj
vj
c
]
,
b˜0 =
γ
N (1 + 2ϕ)B
i vi
c
. (59)
Using this, Eq. (50) gives
µMHD = 3pMHD
=
1
8π
1
1 + 2ϕ
[
1
γ2
B2 +
1
1 + 2ϕ
(
Bi
vi
c
)2]
,
ΠMHDij =
1
4π
{
− 1
γ2
BiBj
+
1
3
δij
[
1
γ2
B2 +
1
1 + 2ϕ
(
Bk
vk
c
)2]
− 1
1 + 2ϕ
(
Bi
vj
c
+Bj
vi
c
)
Bk
vk
c
+
1
3
1
1 + 2ϕ
[
B2 − 2γ
2
1 + 2ϕ
(
Bk
vk
c
)2] vivj
c2
}
,(60)
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where we set µ˜ ≡ µ ≡ ̺c2, p˜ ≡ p and π˜ij ≡ Πij all in the
fluid frame. The indices of Πij are raised and lowered
using δij as the metric. Using Eq. (57) we have
µMHD = 3pMHD =
1
8π
1
1 + 2ϕ
(
B2 − E2) ,
ΠMHDij =
1
4π
[
− EiEj −BiBj + 1
3
δij
(
2E2 +B2
)
+
2
3
1
1 + 2ϕ
(
E2 −B2) γ2 vivj
c2
]
. (61)
These relations expressing the fluid quantities in the co-
moving (energy) frame in terms of the fields in the labo-
ratory (normal) frame, appear asymmetric in the fields.
This is because although the energy-momentum tensor
in Eq. (40) is frame invariant, the fluid quantities in Eq.
(39) are not.
Using the fluid quantities in Eq. (60), by replacing µ→
µ+µMHD etc., the fully nonlinear and exact perturbation
equations in Hwang & Noh (2016) are now complete in
the presence of MHD. A complete set of equations is
presented in the Appendix.
In the presence of EM field, we also need to include the
Maxwell equations. Taking the laboratory frame Eqs.
(42)-(45) gives Eqs. (86)-(89).
Equations in this section and in the Appendix are fully
general in Einstein’s gravity, under the conditions stated
below Eq. (1), with MHD. We have not yet imposed tem-
poral gauge condition.
5. WEAK GRAVITY LIMIT: DERIVATION
Now, using the fully nonlinear and exact formulation of
GR MHD presented in the Appendix, we prove equations
in Sec. 2 by taking the weak gravity and action-at-a-
distance limit in Eq. (2).
The ADM momentum constraint equation in Eq. (80)
becomes
2
3
κ,i +
c
N
(
2
3
∆χ,i +
1
2
∆χ
(v)
i
)
= −8πG
c4
[
(µ+ p) γ2vi
+Πijv
j +
1
4π
(
B2vi −BiBjvj
) ]
= −8πG
c2
mi, (62)
where we decomposed χi ≡ χ,i + χ(v)i .
Now we take the maximal slicing as the temporal gauge
condition
κ ≡ 0. (63)
Thus
χ = −12πG
c3
∆−2∇imi, (64)
χ
(v)
i = −
16πG
c3
∆−1
(
mi −∆−1∇i∇jmj
)
. (65)
These give Eq. (14).
Considering Eq. (15), Eqs. (64) and (65) gives
χ,i ∼ χ(v)i ∼ γ2
t2ℓ
t2g
vi
c
, (66)
thus we have
χ,i ∼ χ(v)i ≪
vi
c
, (67)
and N = 1.
The energy and momentum conservation equations in
Eqs. (83) and (84), respectively, give
E˙ +∇imic2 = −̺ (2Φ−Ψ),i vi, (68)
m˙i +∇jmij = −̺Φ,i. (69)
The continuity equation in Eq. (85) gives
D˙ +∇i
(
Dvi
)
= 0. (70)
These are three equations in Eq. (3). Derivation of Eq.
(68) deserves a special comment. It is important to
carefully keep the gravity term in right-hand-side as ex-
plained above Eq. (23). As we examine Eq. (83) we no-
tice that the first term in the equation leads to 3̺Ψ˙ to
the gravity part which is of the same order as we con-
sider Ψ˙ ∼ Ψ,ivi. This term, however, exactly cancels the
χi-term in the second line because of Eq. (71).
The trace of ADM propagation and energy constraint
equations in Eqs. (81) and (79), respectively, give Eqs.
(10) and (11). We can show that the traceless part of
ADM propagation in Eq. (82) simply gives a combination
of Eqs. (10) and (11).
Finally, Eq. (78) gives
c∆χ = 3
Ψ˙
c2
, (71)
and using Eqs. (11), (64), and (68), we can show that
this is naturally valid. This calls for comment as the va-
lidity of Eq. (71) in our approximation misses the gravity
term in Eq. (68) in the derivation. This is because Eq.
(71) is already a first-order post-Newtonian (1PN) order
whereas our approximation is zeroth-order PN (0PN) in
gravity while exact in matter part. Equation (78) is the
definition of the trace of extrinsic curvature Kii and its
PN nature is presented in Eq. (55) of Hwang et al (2008).
Thus using the complete set of Einstein’s equations, we
have shown the consistency of our SR MHD equations
with weak self-gravity presented in Sec. 2.
In the weak gravity limit, the effect of gravity does not
appear in the Maxwell equations. Equations (86)-(89)
become
Bi ,i = 0, (72)
B˙i =
(
viBj − vjBi)
,j
= [∇× (v ×B)]i , (73)
∇ · E = 4π̺ch, (74)
1
c
E˙ = ∇×B− 4π
c
j, (75)
with
E = −1
c
v ×B, (76)
in the ideal MHD. Equations (72) and (73) can be written
as
∇ ·B = 0, 1
c
B˙ = −∇× E. (77)
These are the well known form of Maxwell’s equations
valid for SR MHD with Eq. (76).
Thus we have derived the equations in Sec. 2.
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6. DISCUSSION
The two formulations of relativistic MHD are new re-
sults in this work. These are the GR MHD in the fully
nonlinear and exact perturbation formulation of Ein-
stein’s gravity, and the SR MHD with weak gravity.
The fully nonlinear and exact perturbation formulation
of ideal MHD in Einstein’s gravity is derived in Sec. 4
and the equations are presented in the Appendix. These
are exact equations using perturbation variables imposed
on the Minkowski metric, see Eq. (1). We have ignored
the transverse-traceless perturbation, but including this
as well as not imposing the spatial gauge condition can
be trivially achieved. However, the equations may look
complicated though. For a general hydrodynamic fluid,
see Gong et al (2017).
By taking the weak gravity and action-at-a-distance
limits, we derived a consistent formulation of fully SR
MHD with weak gravity, see Secs. 2 and 5. We show
that the role of gravity on the dynamics is effectively the
same as in the Newtonian limit. However, the SR effects
of the fluid and EM field affects the metric, thus gravita-
tional potentials, and these could affect the gravitational
lensing, see Sec. 2.3. The SR effects, if important, might
cause overestimation of the lensing mass, see Eq. (22).
The weak gravity formulation is derived in the maximal
slicing (κ ≡ 0) gauge, which is the unique gauge choice
with a consistent weak gravity limit. A similar choice
of the zero-shear gauge (often termed as longitudinal or
conformal Newtonian gauge), taking χ ≡ 0 as the slicing
condition, leads to an inconsistent result by omitting the
pressure term (see Sec. 2.3 in Hwang & Noh 2016).
Our weak gravity approximation is complementary to
the PN approximation. The PN approximation pertur-
batively expands both gravity and matter consistently.
To 1PN order we keep Φ/c2 ∼ Ψ/c2 ∼ v2/c2 ∼ Π/c2 ∼
p/(̺c2) ∼ Πij/(̺c2) ∼ B2/(̺c2), etc (Chandrasekhar
1965; Greenberg 1971; Hwang et al 2008). In this sense
our weak gravity approximation with full SR is a 0PN
approximation in gravity (Φ, Ψ and χi) but exact in the
matter part (internal energy, pressure, stress, magnetic
field, etc), and thus handles the matter part to ∞PN
order. It is not a priori clear that such an asymmet-
ric formulation is possible, but here we have shown that
it is indeed possible. Extending the program to include
gravity to 1PN order might be feasible.
The validity of our approximation can be checked by
comparing with a full numerical relativity simulation in
the same gauge (the maximal slicing together with our
spatial gauge condition taken).
We wish to thank Professor Dongsu Ryu for en-
couraging us to pursue this subject. H.N. was sup-
ported by National Research Foundation of Korea funded
by the Korean Government (No. 2018R1A2B6002466).
J.H. was supported by Basic Science Research Pro-
gram through the National Research Foundation (NRF)
of Korea funded by the Ministry of Science, ICT
and future Planning (No. 2016R1A2B4007964 and No.
2018R1A6A1A06024970). MB thanks SKA South Africa
as well as an NRF KIC grant for partial support.
APPENDIX: GENERAL RELATIVISTIC IDEAL MHD EQUATIONS
Here we present the complete set of Einstein’s equation for a general fluid with ideal MHD. These equations without
MHD are presented in the Appendix B of Hwang & Noh (2016). The MHD parts can be included by replacing the
fluid quantities as µ → µ + µMHD, p → p + pMHD, Πij → Πij + ΠMHDij using Eq. (60). The equations are generally
valid irrespective of the temporal gauge choice (slicing, hypersurface). All spatial indices in the Appendix are raised
and lowered using δij as the metric.
The definition of κ (the trace of extrinsic curvature Kii ≡ κ/c):
κ ≡ − 1N (1 + 2ϕ)
[
3ϕ˙+ c
(
χk,k +
χkϕ,k
1 + 2ϕ
)]
. (78)
ADM energy constraint:
4πG
c2
µ+
c2∆ϕ
(1 + 2ϕ)2
=
1
6
κ2 +
3
2
c2ϕ,iϕ,i
(1 + 2ϕ)3
− c
2
4
K
i
jK
j
i
−4πG
c2
{
(µ+ p)
(
γ2 − 1)+ 1
1 + 2ϕ
Πii +
1
8π
1
1 + 2ϕ
[(
2− 1
γ2
)
B2 − 1
1 + 2ϕ
(
Bi
vi
c
)2]}
. (79)
ADM momentum constraint:
2
3
κ,i +
c
N (1 + 2ϕ)
(
1
2
∆χi +
1
6
χk,ki
)
=
c
N (1 + 2ϕ)
{(N,j
N −
ϕ,j
1 + 2ϕ
)[
1
2
(
χj ,i + χ
,j
i
)
− 1
3
δjiχ
k
,k
]
− ϕ
,j
(1 + 2ϕ)2
(
χiϕ,j +
1
3
χjϕ,i
)
+
N
1 + 2ϕ
∇j
[
1
N
(
χjϕ,i + χiϕ
,j − 2
3
δjiχ
kϕ,k
)]}
−8πG
c4
[
(µ+ p) γ2vi +
1
1 + 2ϕ
Πijv
j +
1
4π
1
1 + 2ϕ
(
B2vi −BiBjvj
)]
. (80)
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Trace of ADM propagation:
−4πG
c2
(µ+ 3p) +
1
N κ˙+
c2∆N
N (1 + 2ϕ) =
1
3
κ2 − cN (1 + 2ϕ)
(
χiκ,i + c
ϕ,iN,i
1 + 2ϕ
)
+ c2K
i
jK
j
i
+
8πG
c2
{
(µ+ p)
(
γ2 − 1)+ 1
1 + 2ϕ
Πii +
1
8π
1
1 + 2ϕ
[(
2− 1
γ2
)
B2 − 1
1 + 2ϕ
(
Bi
vi
c
)2]}
. (81)
Tracefree ADM propagation:
(
1
N
∂
∂t
− κ+ cχ
k
N (1 + 2ϕ)∇k
){
c
N (1 + 2ϕ)
[
1
2
(
χi ,j + χ
,i
j
)
− 1
3
δijχ
k
,k −
1
1 + 2ϕ
(
χiϕ,j + χjϕ
,i − 2
3
δijχ
kϕ,k
)]}
− c
2
(1 + 2ϕ)
[
1
1 + 2ϕ
(
∇i∇j − 1
3
δij∆
)
ϕ+
1
N
(
∇i∇j − 1
3
δij∆
)
N
]
=
c2
N 2(1 + 2ϕ)2
[
1
2
(
χi,kχj,k − χk,iχk,j
)
+
1
1 + 2ϕ
(
χk,iχkϕ,j − χi,kχjϕ,k + χk,jχkϕ,i − χj,kχiϕ,k
)
+
2
(1 + 2ϕ)2
(
χiχjϕ
,kϕ,k − χkχkϕ,iϕ,j
) ]
− c
2
(1 + 2ϕ)2
[
3
1 + 2ϕ
(
ϕ,iϕ,j − 1
3
δijϕ
,kϕ,k
)
+
1
N
(
ϕ,iN,j + ϕ,jN ,i − 2
3
δijϕ
,kN,k
)]
+
8πG
c2
{
(µ+ p)
[
γ2vivj
c2(1 + 2ϕ)
− 1
3
δij
(
γ2 − 1)]+ 1
1 + 2ϕ
(
Πij −
1
3
δijΠ
k
k
)
+
1
4π
1
1 + 2ϕ
{
− 1
γ2
BiBj
− 1
1 + 2ϕ
(
Bi
vj
c
+Bj
vi
c
)
Bk
vk
c
+
1
1 + 2ϕ
B2
vivj
c2
− 1
3
δij
[(
1− 2
γ2
)
B2 − 2
1 + 2ϕ
(
Bk
vk
c
)2]}}
. (82)
ADM energy conservation:
1
c
{
(1 + 2ϕ)
3/2
[
µ+ (µ+ p)
(
γ2 − 1)+ 1
1 + 2ϕ
Πii +
1
1 + 2ϕ
1
8π
[(
2− 1
γ2
)
B2 − 1
1 + 2ϕ
(
Bi
vi
c
)2] ]}·
+
{
(1 + 2ϕ)1/2N
[
(µ+ p) γ2
vi
c
+
1
1 + 2ϕ
Πij
vj
c
+
1
1 + 2ϕ
1
4π
(
B2
vi
c
−BiBj vj
c
)]
+ (1 + 2ϕ)1/2 χi
×
{
µ+ (µ+ p)
(
γ2 − 1)+ 1
1 + 2ϕ
Πjj +
1
1 + 2ϕ
1
8π
[(
2− 1
γ2
)
B2 − 1
1 + 2ϕ
(
Bj
vj
c
)2]}}
,i
= − (1 + 2ϕ)−1/2
[
1
c
ϕ˙δij + χi,j − 1
1 + 2ϕ
(
2χiϕ,j − δijχkϕ,k
)]{
(µ+ p) γ2
vivj
c2
+ (1 + 2ϕ) pδij +Πij
+
1
4π
{
− 1
γ2
BiBj − 1
1 + 2ϕ
(
Bi
vj
c
+Bj
vi
c
)
Bk
vk
c
+
1
1 + 2ϕ
B2
vivj
c2
+
1
2
δij
[
1
γ2
B2 +
1
1 + 2ϕ
(
Bk
vk
c
)2]}}
− (1 + 2ϕ)1/2N,i
[
(µ+ p) γ2
vi
c
+
1
1 + 2ϕ
Πij
vj
c
+
1
1 + 2ϕ
1
4π
(
B2
vi
c
−BiBj vj
c
)]
. (83)
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ADM momentum conservation:
1
c
{
(1 + 2ϕ)3/2
[
(µ+ p)γ2
vi
c
+
1
1 + 2ϕ
Πji
vj
c
+
1
1 + 2ϕ
1
4π
(
B2
vi
c
−BiBj vj
c
)]}·
+
{
(1 + 2ϕ)
1/2N
[
(µ+ p) γ2
viv
j
c2
+ (1 + 2ϕ) pδji +Π
j
i
+
1
4π
{
− 1
γ2
BiB
j − 1
1 + 2ϕ
(
Bi
vj
c
+Bj
vi
c
)
Bk
vk
c
+
1
1 + 2ϕ
B2
viv
j
c2
+
1
2
δji
[
1
γ2
B2 +
1
1 + 2ϕ
(
Bk
vk
c
)2]}]
+(1 + 2ϕ)
1/2
χj
[
(µ+ p) γ2
vi
c
+
1
1 + 2ϕ
Πki
vk
c
+
1
1 + 2ϕ
1
4π
(
B2
vi
c
−BiBk vk
c
)]}
,j
= (1 + 2ϕ)
3/2
{
Nϕ,i
1 + 2ϕ
[
(µ+ p)
(
γ2 − 1)+ 3p+ 1
1 + 2ϕ
Πjj
]
−N,i
[
µ+ (µ+ p)
(
γ2 − 1)+ 1
1 + 2ϕ
Πjj
]
+
( Nϕ,i
1 + 2ϕ
−N,i
)
1
1 + 2ϕ
1
4π
[
B2
(
1− 1
2γ2
)
− 1
2
1
1 + 2ϕ
(
Bk
vk
c
)2]
−
(
χj
1 + 2ϕ
)
,i
[
(µ+ p) γ2
vj
c
+
1
1 + 2ϕ
Πkj
vk
c
+
1
1 + 2ϕ
1
4π
(
B2
vj
c
−BjBk vk
c
)]}
, (84)
Continuity equation, (̺uc);c = 0:[
∂
∂t
+
1
1 + 2ϕ
(Nvi + cχi)∇i −Nκ+ (Nvi),i
1 + 2ϕ
+
Nviϕ,i
(1 + 2ϕ)2
]
̺γ = 0. (85)
Maxwell’s equations:
∇ ·
(√
1 + 2ϕB
)
= 0, (86)(√
1 + 2ϕB
)·
= ∇×
[
1√
1 + 2ϕ
(Nv + c~χ)×B
]
, (87)
− 1
(1 + 2ϕ)3/2
1
c
∇ · (v ×B) = 4π̺ch, (88)
− 1
c2
(v ×B)· = ∇×
[
NB− 1
c
1
1 + 2ϕ
(vB · ~χ− v · ~χB)
]
− 4π
√
1 + 2ϕ
(
̺ch~χ+
1
c
N~j
)
. (89)
We have
K
i
jK
j
i =
1
N 2(1 + 2ϕ)2
{
1
2
χi,j (χi,j + χj,i)− 1
3
χi ,iχ
j
,j −
4
1 + 2ϕ
[
1
2
χiϕ,j (χi,j + χj,i)− 1
3
χi ,iχ
jϕ,j
]
+
2
(1 + 2ϕ)2
(
χiχiϕ
,jϕ,j +
1
3
χiχjϕ,iϕ,j
)}
, Πii =
1
1 + 2ϕ
Πij
vivj
c2
. (90)
One of the following conditions can be imposed as
the temporal gauge condition: (1) maximal slicing (i.e.,
κ ≡ 0); (2) zero-shear gauge (i.e., setting the longitudinal
part of χi to zero, so that χ ≡ 0); or (3) comoving gauge
(i.e., setting the longitudinal part of vi to zero). These
three gauge conditions, as well as various linear combi-
nations thereof, completely remove both the spatial and
temporal gauge modes. Another possible gauge condi-
tion is synchronous gauge, setting α ≡ 0, but this gauge
choice fails to fix the gauge modes completely. [For a dis-
cussion of gauge transformation at linear order, see Eq.
(79) in Hwang & Noh (2016), and for higher (nonlinear)
orders, see Noh & Hwang (2004).]
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